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In this paper we give a very simple subharmonic proof of an extension of the 
famous theorem of B. E. Johnson on the equivalence of complete norms in semi- 
simple Banach algebras. This proof avoids irreducible representations so that it can 
be adapted to the situation of Banach Jordan algebras in order to give a similar 
result. 
INTRODUCTION 
For a commutative semi-simple Banach algebra A it is well known that 
every Banach algebra norm )I /I, on A is equivalent to the original norm )I II. 
The proof of this is very easy using the closed graph theorem. To show the 
equivalence of the two norms we have to prove that a = 0 if there exists a 
sequence (a,) in A such that I/ anIl + 0 and 11~ - a,,/l, + 0. But by subad- 
ditivity of the spectral radius p we have 
P(U) G Pkl> + P@ - %I < II a, II + II a - a, II I 
so p(u) = 0, hence a is in the radical of A. J. D. Newburgh [ 141 extended 
this result for semi-simple Banach algebras with continuous spectral radius. 
Also C. E. Rickart [ 16, pp. 70-761 obtained some partial results. For 20 
years the general problem for semi-simple Banach algebras was unsolved. In 
1967, B. E. Johnson 181 succeeded in giving a solution using intensively 
irreducible representations and reducing the question to primitive algebras. 
In the first section we give a generalization of a result of [2) and of B. E. 
Johnson’s theorem. The main idea in the proof is to remark that the spectral 
radius is independent of the Banach algebra norm. 
In the second section we study the corresponding problem for Banach 
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Jordan algebras. If A is a Banach Jordan algebra for two norms /I 11 and 
)I I(, , which is semi-simple in the sense of McCrimmon, is it true that the two 
norms are equivalent? This natural problem was raised in [4] and [ 13, p. 941 
and was proved in these two papers in the trivial situation where A is simple 
or strongly semi-simple. In fact we show that the proof given in Section 1 
can also be used in the semi-simple case to solve affirmatively this con- 
jecture. 
1. BANACH ALGEBRAS 
THEOREM 1. Let A be a complex Banach algebra and B be a semi- 
simple complex Banach algebra. Suppose that T is a linear mapping from A 
onto B such that p( TX) < p(x) for every x in A. Then T is continuous. 
Prooj We apply the closed graph theorem. Suppose that x, -+ 0 in A and 
that TX, + Ta in B when n goes to infinity. The problem is to prove that 
Ta = 0. Let x be an arbitrary element of A and let 1 be arbitrary in 6. Then 
Ax, + x -+ x when n + +co and p(T(lx, + x)) = p(,lTx, + TX) ,< p(Ax, + x) 
by hypothesis. So 
- 
hm p@Tx, + TX) ,< lim p@x,, + x) <p(x) 
n-cc n+* 
because the spectral radius is upper semi-continuous on A. We put d,,(n) = 
p(llTx, + TX). By E. Vesentini’s theorem (see [ 1, p. 9]), 4, is subharmonic on 
G. Consequently 
satisfies the mean inequality on C, but in general it is not upper semi- 
continuous. We put 
Of course #(A) < v/(n) <p(x). Also it is easy to see that w is upper semi- 
continuous and satisfies the mean inequality, so it is subharmonic and 
bounded on C. By Liouville’s theorem for bounded subharmonic functions 
(see [l,p. 1661) we conclude that v is a constant. So 
PWX)=YW< w(O)= w@> for every 1 E C. 
By upper semi-continuity of the spectral radius on B we have 
#(A> < p(ATa + TX). 
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So v(A) < llm,,, p(,uTa + TX) < p(LTa + TX). Consequently we have 
p(Tx) < p(Ta + TX) for every x E A. Taking x =y - a in this formula we 
obtain 
PFY- Z-a) GPKY) (*I 
for every y in A. The linear mapping T being onto we conclude that 
p(Ta + u) = 0 for every u quasi-nilpotent in B. But by Zeminek’s charac- 
terization of the radical (see [ 191 or [ 1, p. 231) we have Ta in the radical of 
B, so Ta = 0. 1 
Remark 1. If in Theorem 1 we replace the condition T onto by T(A) 
dense in B the same conclusion is not true. To see this we take for A a 
Banach algebra containing a countable linear basis df,),>, such that 
Ilf,ll = l/n and for B the example given by P. G. Dixon [ 7] (see also 
(1, pp. 39-411). In this example B has a dense subalgebra B, which is 
linearly generated by a countable family (m,),,, of elements verifying 
11 m, I/ = 1 and such that p(v) = 0 for v in B,. We define T linearly by taking 
Tfj, = m, and TX = 0 for every x linearly independent of the f,,. Of course 
T(A) = B, is dense in the semi-simple Banach algebra B and p(Tx) <p(x) 
for every x in A because p(Tx) = 0. But T is not continuous because 
II Tfn II 
m=n’ 
Remark 2. If we suppose only that T is an epimorphism from A onto B, 
of course the condition p(Tx) <p(x) is verified and in this case the use of 
Zeminek’s result is not necessary. By formula (*), with Ty = 0, we obtain 
p(Ta) = 0. In this situation it is easy to show that I = (Ta E B I 3 x, + 0, 
TX, + Ta) is a two-sided ideal of B. But this two-sided ideal is contained in 
the set of quasi-nilpotent elements of B, so in the Jacobson radical, and then 
Ta = 0. This suggests the following problem raised in [ 18, p. 431 and 
[ 5, p. 1401. Is a morphism form a Banach algebra onto a dense subalgebra of 
a semi-simple Banach algebra continuous ? Perhaps a subharmonic method 
will be helpful to answer this, but until now we obtained no progress in this 
direction. 
Remark 3. It is not difficult to see that the proof of Theorem 1 works 
also if A and B are Frechet Q-algebras because in this case the spectrum is 
compact, upper semi-continuous and E. Vesentini’s theorem is true. 
COROLLARY 1 (B. E. Johnson’s theorem). A semi-simple Banach algebra 
has a unique complete norm topology, and every epimorphism from a Banach 
algebra onto a semi-simple Banach algebra is continuous. 
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COROLLARY 2. On a semi-simple Banach algebra every involution is 
continuous. 
Remark 4. In 191, B. E. Johnson proved continuity of derivations on 
semi-simple commutative algebras. This result was extended for arbitrary 
semi-simple Banach algebras in [lo]. In these two situations the proofs use 
irreducible representations. It would be interesting to have subharmonic 
arguments in order to avoid these representations and to apply them in the 
Banach Jordan case. If such proofs were available it would be possible in 
particular to prove that any Jordan derivation on a Banach algebra is 
continuous, hence a derivation (see ( 171). 
2. BANACH JORDAN ALGEBRAS 
Let us recall that a complex Banach Jordan algebra A is a complex Jordan 
algebra with product a . b having a norm ]I I] such that A with this norm is a 
Banach space and for all a and b in A we have JJa .b)l< IJaIl /I 611. If A is a 
Banach algebra then A becomes a Banach Jordan algebra for the product 
a . b = (ab + ba)/2. Then we say that it is a special Banach Jordan algebra. 
It is important to know that there are examples of nonspecial Banach Jordan 
algebras. By adding an identity to a Banach Jordan algebra A it is always 
possible to suppose that such algebra has an identity 1 which satisfies 
I] 1 I] = 1. If a E A by definition the spectrum of a is the set of complex 
numbers A such that there exists b in A satisfying (a -A) . b = 1 and 
(a -A)’ . b = a --A. If A is a special Jordan algebra by a theorem of 
Jacobson the spectrum in the Jordan sense coincides with the classical 
spectrum. It is possible to prove that the Jordan spectrum Spa is non-void 
and compact in G and has a radius given by 
where a” is defined by induction on n > 1 by an = a”-’ . a. 
The notion of Jacobson radical for associative algebras has been 
generalized by K. McCrimmon to Jordan algebras (see ] 11, 12 1). In a 
Jordan algebra we say that an ideal I is quasi-invertible if for every a E I we 
have 1 - a invertible, i.e., there exists b E: A such that (1 - a) . b = 1 and 
(1 -a)’ . b = 1 - a. McCrimmon proved that in any Jordan algebra there 
exists a unique quasi-invertible ideal containing every quasi-invertible ideal. 
By definition this ideal is the McCrimmon radical of A and is denoted by 
Rad A. If A is a special Jordan algebra he proved in that case that the 
McCrimmon ideal coincides with the Jacobson radical. From this definition 
it is easy to see that the McCrimmon radical of A/Rad A is zero. In the case 
UNIQUENESS OFTHE COMPLETE NORM TOPOLOGY 5 
of Banach algebras it is true that the Jacobson radical is the intersection of 
the kernels of irreducible representations. In the case of Banach Jordan 
algebras the similar result is not true. It is the reason why the proof of B. E. 
Johnson, in the associative case, cannot be adapted in the Jordan case. For 
more details see [4,6, 131. 
Nevertheless we shall see that the proof of Theorem 1 can be adapted in 
this situation. If A is a Banach Jordan algebra and if a E Rad A it is easy to 
prove that ~(a +x) = p(x) for every x in A because p(x) = p(X), where X 
denotes the coset corresponding to x in A/Rad A. But we have been unable 
to prove the converse, namely, to give a spectral characterization of the 
McCrimmon radical similar to Zeminek’s result in the associative case [ 191 
(in fact this theorem of Zeminek involves irreducible representations). So 
instead of the analog of Theorem 1 we shall prove for Banach Jordan 
algebras the weaker form similar to B. E. Johnson’s theorem. First we need 
the following lemma which is a generalization of Vesentini’s theorem. 
LEMMA. Let A be a Banach Jordan algebra. Suppose that A-+ f (,I) is an 
analytic function from a domain D of C into A. Then I, + p(f (L)) is subhar- 
monic on D. 
Proof. The proof is almost identical to the proof given in ] 1, pp. 9-101. 
The only difference is to prove by induction that 1 -f(L)‘” is analytic, but 
this is easy. 1 
This result comes also from the fact that L + Sp f(l) is an analytic 
multivalued function in this situation. We do not give the proof of this, but it 
comes easily modifying slightly the proof in the associative case (see [3]). 
THEOREM 2. A Banach Jordan algebra with McCrimmon radical zero 
has a unique complete norm topology, and every Jordan epimorphism from a 
Banach Jordan algebra onto a Banach Jordan algebra with McCrimmon 
radical zero is continuous. 
Proof. If T is a Jordan epimorphism from A onto B with Rad B = (0) it 
satisfies Sp TX c Sp x so p(Tx) <p(x) for every x in A. If x, -+ 0 in A with 
TX, -+ Ta in B then the same argument used in the proof of Theorem 1 and 
the previous lemma imply that p(Ta + u) = 0 for every u E B. So p(Tu) = 0. 
But I= (Tu13x,+O,x,EA, TX, + Tu} is a quasi-invertible Jordan ideal of 
B so I c Rad B = (0) and Ta = 0. By the closed graph theorem T is 
continuous. I 
COROLLARY 3. Let A be a Banach Jordan algebra with McCrimmon 
radical zero. Then every involution on A is continuous. 
This result is important if we study a spectral property in a Banach Jordan 
6 BERNARD AUPETIT 
algebra with involution because we can always suppose that the involution is 
continuous for the following reasons. If xEA then Spx=SpE with - 
ZE A/Rad A and A/Rad A has an involution X* = x* which is continuous 
by Corollary 3. 
The results given in this section simplify considerably the results and the 
proofs of [15]. 
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